The ionization of hydrogen Rydberg atoms by circularly polarized microwaves is studied quantum mechanically in a model two-dimensional atom. We apply a combination of a transformation to the coordinate frame rotating with the field, with complex rotation approach and representation of the atomic subspace in a Sturmian-type basis. The diagonalization of resulting matrices allows us to treat exactly the ionization of atoms initially prepared in highly excited Rydberg states of principal quantum number n 0 Ϸ60. Similarities and differences between ionization by circularly and linearly polarized microwaves are discussed with a particular emphasis on the high-frequency regime and on the localization phenomenon. The dependence of the ionization character on the initial state ͑circular, elliptical, or low angular momentum state͒ as well as on the helicity of the polarization is discussed in detail. It is shown that, in the high-frequency chaotic regime, close encounters with the nucleus do not play a major role in the ionization process.
I. INTRODUCTION
The hydrogen atom placed in an external field plays an exceptional role in the studies of quantum-classical correspondence in the vast area of quantum chaos. This system belongs to a small class of problems in this area where accurate theoretical predictions may be confronted with detailed experimental studies. This unique opportunity has led to great progress in understanding the behavior of quantally chaotic systems for which both the experiments and the theory have been providing new ideas and new challenges.
Despite over 20 years of intensive investigations ͓1͔, the theory of a highly excited hydrogen atom in the presence of a static uniform magnetic field still brings us unexpected predictions ͓2͔. The ionization of highly excited hydrogen atoms by linearly polarized microwaves ͑LPM͒ also has a long history, which began with the pioneering experiment of Bayfield and Koch ͓3͔. As in the previous example, a complete physical picture of the coupled atom-field dynamics in this problem has yet to be reached. The very first model of the ionization process has been launched ͓4͔ using Monte Carlo classical simulations, in which the ionization threshold was associated with the onset of classical chaos in the system. Numerous studies performed since this early work treated the problem either classically or quantum mechanically, at various degrees of approximation. At the same time, improved experiments provided a stimulus as well as new puzzles for the theory ͑for recent reviews of the theory see ͓5-11͔; experimental details may be found in ͓12-14͔͒.
A typical quantity measured or calculated in the ionization problem is a microwave field amplitude ͑called the ionization threshold͒ required to produce 10% ionization yield as a function of the field frequency for a given duration time of the microwave pulse. Such a definition allows for a rough separation of the microwave frequency domain into a few regions corresponding to different ratios of the microwave frequency to the Kepler frequency on the initial orbit K . For the scaled frequency 0 ϭ/ K Ӷ1, the classical ionization is due to an over-the-barrier escape ͑as for a static, homogeneous electric field case-the situation realized here in the 0 →0 limit͒. Furthermore, in this frequency domain, quantum corrections due to tunneling may be taken into account by means of semiclassical methods ͓15͔. For higher frequencies ͑but still for 0 Ͻ1), the quantum ionization threshold is approximated quite well by the onset of classical chaos and the breakup of Kol'mogorov-Arnol'd-Moser tori. The diffusive gain of energy by the electron is the main mechanism leading to the ionization with some additional modifications due to classical resonances. For frequencies 0 Ͼ1, the physics of the ionization is quite different because the quantal thresholds are significantly higher than the estimations of the classical model. This is attributed to the phenomenon of quantum photonic localization, which is analogous to the Anderson localization in disordered solids. Not surprisingly, it is this frequency domain that has been most intensively studied both experimentally and theoretically in recent years ͓5-9,12-14͔. Needless to say, the discrepancy between classical and quantum predictions of the threshold for 0 Ͼ1 is of importance for a deeper understanding of the semiclassical limit. Finally, one envisions a ''high-frequency'' domain where a typical multiphoton ionization occurs. Certainly, in this regime, not only 0 but also the ͑purely quantum͒ number of photons needed to reach the threshold N f becomes an important parameter characterizing the system.
The physics of hydrogen atom ionization by circularly polarized microwaves ͑CPM͒ is much less understood although the first theoretical studies came about 15 years ago ͓16,17͔. The recent sudden growth of interest in CPM ionization is certainly stimulated by the experiments carried out for alkali atoms ͓18,19͔. A number of classical studies have been reported ͓20-30͔. In most of these works ͑with important exceptions of Refs. ͓22,28,30,31͔͒ a simplified two-dimensional ͑2D͒ model of the atom has been used; i.e., the electronic motion plane coincided with the polarization plane. Also the only quantum study ͓32͔ considered such a simplified atomic model.
The first reason for considering the simplified model is the lesson learned in the LPM ionization studies. There, significant insight into the ionization process has been obtained from the simplest, one-dimensional ͑1D͒ atomic model where the electronic motion is restricted to the field axis, the direction along which the external field is the most effective. Similarly, for the CPM ionization problem, the simplest 2D model is to restrict the electronic motion to the plane where the external field acts. While the quantitative predictions obtained using this simplification may differ in particular cases from the full three-dimensional treatment, the 2D model should allow one to gain significant insight into the mechanism of ionization.
There is a basic difference between ionization by the LPM and by the CPM. In the former case, the projection of the angular momentum on the polarization axis is conserved, thus the considered problem is effectively a two-dimensional one. On the contrary, the case of the CPM ionization requires, in principle, studying a fully three-dimensional ͑3D͒ system, because no constant of motion is known to exist apart from an approximate one in the purely perturbative regime ͓33͔. Such a 3D quantum study, for initial atomic states with principal quantum number of the order of 50, and covering a broad range of initial atomic states and microwave frequencies, is not possible even with good present-day computer resources. For that reason too, we shall limit the present study to the 2D model, especially since, as mentioned above, most of the classical studies also consider the 2D model.
Following the experiments ͓18,19͔, theoretical studies of the CPM ionization concentrated mostly on the lowfrequency situation, 0 Ͻ0.6, both classically ͓20,22,24-26,28͔ and quantum mechanically ͓32͔. The motion in this regime is mainly regular ͓25,28͔. We refer the reader to original works for details since we shall consider here the intermediate-and the high-frequency domains only, an interesting case from the quantum chaos point of view.
The quantum study presented extends our previous analysis of low-frequency ionization ͓32͔ into this new frequency domain, the region that has been the object of extensive studies in the last few years. For that reason we present first, in the next section, a short summary of known results for the system studied, results obtained mainly within classical mechanics. Later, in subsequent sections, we present our quantum treatment of the ionization in the CPM, discuss possible approaches to calculate the ionization probability and, in particular, discuss the definition of the ionization threshold. Due to the ambiguities of the commonly accepted microwave amplitude threshold for a fixed pulse duration, we define a measure-a pulse duration threshold for a given microwave amplitude-that we call the time threshold. The main numerical results concerning the ionization thresholds for various initial states are presented in Sec. VI. They are compared with the classically obtained thresholds as well as with the theoretical predictions. We discuss the origin of quantumclassical differences and we show the importance of the time scale over which appreciable ionization takes place. We find also several classically scaling structures in the frequency dependence of the thresholds ͑Sec. VII͒. Finally Sec. VIII contains the summary of the obtained results and the conclusions.
II. PRESENT STATUS OF THE UNDERSTANDING OF CPM IONIZATION OF THE HYDROGEN ATOM
Let us begin by introducing the necessary notation. The hydrogen atom in the field of the circularly polarized radiation is described by the Hamiltonian
with the vector potential A ជ :
The electric field reads
ϩe y ជ sin(t)] provided F(t) changes slowly with respect to Ϫ1 ; dF/dtӶF. Hence F(t) is simply the amplitude of the electric field. In the following we will mainly consider an interaction of atoms with the field of a constant amplitude, F(t)ϭF. Since we assume A ជ to be independent of the position ͑the dipole approximation͒ the alternative form of the Hamiltonian is obtained in the length gauge:
more commonly met in most of the studies, especially classical ones. Note that a change of the sign of in Eq. ͑2.2͒ ͓or in Eq. ͑2.3͔͒ is equivalent to the change from the righthand CPM to the left-hand CPM. We shall explore this possibility below and allow to take both positive and negative values in order to study both types of polarizations. One may remove the oscillating time dependence by passing to the frame rotating with the field ͓34-36͔, the resulting Hamiltonian is
In the presence of the CPM, the angular momentum projection onto the z axis L z is no longer conserved. While for a fixed amplitude, the Hamiltonian H R is time independent, the system possesses no other exact constant of motion, except the energy. The latter is not bounded from below due to the kinetic energy coupling introduced by the L z term.
It is important to recognize that the energy in the rotating frame is different from that in the laboratory frame. For example, for Fϭ0, the degeneracy of the hydrogen atom manifold with energy E n ϭϪ1/2n 2 in the laboratory frame is partially removed, the corresponding energies become E n Ϫm. Note also that the change of L z into ϪL z is equivalent to a change of sign of . This symmetry reflects the fact that the fate of the atom initially in a given ͉n,l,m͘ state under the influence of the right-polarized microwave ( positive͒ is the same as that of the atom in a ͉n,l,Ϫm͘ initial state in the field of left-polarized radiation.
Classically the system studied has a scaling property frequently employed to reduce the number of parameters. Classical dynamics depends on two among three parameters of the problem ͑the initial energy, the frequency, and the microwave amplitude͒. Typically one sets the initial energy at E 0 ϭϪ1/2 ͑in the rotating frame͒, then the microwave frequency for a given initial state n 0 is measured in units of the Kepler frequency, 0 ϭ/ K ϭn 0 3 , while the microwave amplitude scales as F 0 ϭFn 0 4 . Other quantities should be scaled accordingly ͑e.g., microwave pulse duration͒, in particular the scaled angular momentum m ϭm 0 /n 0 , changes between Ϫ1 and 1. We shall mostly use the scaled units below.
Already the early studies ͓16,17͔ dealing with almost resonant microwaves ( 0 Ϸ1) have shown a stochastic character of ionization by CPM. This picture has been further confirmed by the extension of the photonic localization theory ͓6͔ to the circularly polarized microwaves. The authors constructed a Kepler map for the system valid for high frequencies and not too large initial-state eccentricities. The analogy between the Kepler map and the standard map allowed the authors to give predictions for the onset of quantum ionization based on the photonic localization theory. Soon, however, Nauenberg showed ͓21͔ that the original map of ͓6͔ is noncanonical. He proposed a new canonical map, which is valid ͑in the perturbative regime͒ also for low eccentricity initial orbits. A different analytical but also perturbative analysis was performed by Howard ͓23͔ who, basing on the resonance overlap analysis, stressed the diffusive character of ionization. Although Nauenberg claimed that the motion for nearly circular orbits is ''surprisingly regular,'' Howard found numerically ''important regimes of highly chaotic near-circular orbits'' in agreement with earlier studies ͓16,17͔. Still, his resonance overlap analysis actually diverges for such orbits. This discrepancy between ͓21͔ and ͓23͔ may be quite easily resolved by close inspection of the papers. While Nauenberg considers circular orbits rotating in the opposite sense to the field rotation ͑i.e., corresponding to negative , i.e., 0 ϷϪ1), Howard discusses positive only.
The strong sensitivity of the behavior of circular states with respect to the helicity of CPM ͑the sign of ) was also observed at low frequencies ͓24,32͔; for intermediate frequencies it was further studied by some of us ͓30͔ classically. Large microwave amplitudes are required to significantly perturb ͑and eventually ionize͒ the atom on initial circular orbit for Ͻ0; by comparison much weaker microwaves yield significant ionization for positive .
The classical study ͓30͔ allows one to also shed some light on the applicability of the 2D model, since both the 2D and 3D ionization thresholds are presented there. Nauenberg ͓21͔ pointed out that some orbits in 3D lose their stability earlier than in 2D, which might have important consequences for the applicability of the estimates for the ionization threshold based on the 2D model. Here again, as we understand, Nauenberg's claim is restricted to the circular orbits rotating in the opposite direction to the field. The numerical simulations performed by us ͓30,38͔ indicate that for Ͼ0, 2D and 3D thresholds practically coincide ͑compare Figs. 1 and 2 of ͓30͔͒ while for Ͻ0, orbits inclined with respect to the polarization plane may ionize faster. This indicates that the 2D model predictions for negative frequencies have to be viewed with caution when compared with the 3D real world. On the other hand, since microwave amplitudes necessary to ionize the atom are much larger for negative than for positive frequencies, the 2D model should yield reliable predictions also for the microcanonical sample ͑atoms with well-defined principal quantum number but not preselected with respect to angular momentum, as in current experiments on the hydrogen atom ͓13͔͒.
This strong dependence of the ionization character on the initial state indicates that at the microwave field amplitudes in the vicinity of the ionization threshold, the classical phase space is of the mixed type, similarly to the corresponding ionization process in LPM. In the latter case, even the experimental data ͑obtained with the microcanonical initial ensemble of atomic states͒ show pronounced classically scaling structures that may be related to remaining regularities in the phase space ͓8,9,12,14͔. Similarly, a strong dependence on the angular momentum of the initial state is predicted ͓6,37͔.
This similarity between LPM and CPM has been confirmed in a very recent experimental study ͓39͔, which compared the ionization thresholds obtained for 0.5Ͻ 0 Ͻ1.4. Actually, since the initial atomic sample contained a mixture of different (l,m) states of the same principal quantum number, such an experiment is not sensitive to the helicity, the threshold being due to the (l,m) states that ionize first.
Let us come back to the case of a well-defined initial state. Howard's paper ͓23͔ brings an interesting discussion of the phase-space structures. In particular he has found, surprisingly, that some areas of the phase space may be totally forbidden corresponding to nonexistent trajectories with complex eccentricity. In such a situation he predicted that the primary one-to-one resonance should not exist for nearly circular orbits. Unfortunately, this claim must be incorrect since, as early as 1989, Klar ͓40͔ found an exact stable periodic orbit lying in the middle of the one-to-one resonance zone analytically ͑let us note, parenthetically, that a very similar calculation leading to the same results has been repeated by Howard himself ͓41͔͒. As pointed out by Klar, this orbit, a stable fixed point in the rotating frame ͑as well as its unstable image on the other side of nucleus͒, may support well localized quantum states. This idea was further developed in Ref. ͓42͔ where it has been shown, by direct integration of the time-dependent Schrödinger equation that a wave packet placed on the orbit does not disperse for at least 20 Kepler periods. Although their finding was soon challenged by others ͓43͔ claiming that the classical stability island is too small to support quantum states, recent quantum calculations ͓44͔ have not only found the actual quantum states localized on the classical resonance island but also accurately determined their lifetimes due to the ionization. The existence of the wave-packet states ͑as they are called͒ has been further confirmed by us in a full 3D quantum calculation ͓45͔. Referring the reader for details to these papers, let us note here only that the results of the fully 3D calculation in that case are in good agreement with more easily obtained results for the 2D simplified model. This provides an additional argument towards application of the 2D approximation in well chosen cases. It is also worth mentioning that analogous wave-packet states have been found for LPM ͓46,47͔, showing again the similarity between LPM and CPM excitation.
It is clear, therefore, that the prediction considering the ''forbidden zone'' ͓23͔ is a fallacy based on an inadequate choice of the Poincaré surface of section, rather than a real physical situation. To realize the origin of the error, one should consider the energy in the rotating frame, Eq. ͑2.4͒, denoted by K in ͓23͔. While K may take any mathematical value, only those values are physically relevant that may be realized via switching on the microwave amplitude from Fϭ0 to a given value of F ͑during the switching K is not conserved since H R is time dependent͒. Numerical simulations performed by us indicate that most of the trajectories starting from the initial circular state end up with K values different from those used by Howard ͓23͔ in the region of the phase space where no ''forbidden zone'' exists.
Another point that provoked quite a discussion in the literature concerns the mechanism leading to ionization. Howard ͓23͔ claims that all orbits, irrespective of their initial shape ''become elongated before they ionize, demonstrating that core effect must be considered in experiments on Rydberg atoms.'' In the same spirit he states that ''in general, higher eccentricity orbits are more easily perturbed.'' Similar claims may be found in ͓29͔; the authors state that ''ionization occurs through a sequence of close encounters with the nucleus.'' Quite an opposite picture emerges from careful classical simulations performed by some of us ͓30͔. We have found that orbits of medium eccentricity ionize first and have shown explicit examples of trajectories that ionize without apparent change of shape and never coming close to the nucleus. Similar conclusions have been reached in the model of molecular dissociation ͓48͔, which under certain approximations reduces to the Hamiltonian equivalent to Eq. ͑2.4͒. The discussion that followed ͓49,50͔ clearly supports the fact that collisions with the nucleus play a marginal role in CPM ionization. As a matter of fact, the ''exact'' quantum results presented in the following sections indeed prove that close encounters with the nucleus play a minor role only.
To summarize, although the subject is infested with opposing statements and controversies, such as the ones described above in some detail, the following picture of ionization in CPM in the intermediate and high-frequency regimes ͑i.e., for ͉ 0 ͉տ0.5) clearly emerges from the earlier studies. The classical ionization proceeds mainly by diffusion through the mixed phase space, resembling to a large extent the case of LPM ionization ͑note that here, due to conservation of L z , collisions with the nucleus, necessarily important for states with mϭ0, are excluded for ͉m͉Ͼ0). Quantally, there exist some strongly localized states, studied mostly in the prominent one-to-one resonance zone. Thus one may expect a quantum slowdown of the ionization process due to the phase-space structures. While the region of one-to-one resonance has been explored in some detail, to our knowledge, no reliable quantum calculations exist in the moderateand high-frequency regimes that are capable of providing a comparison between the classical and quantum predictions.
The aim of this paper is therefore to provide such a comparison, which has already been called for in the controversial paper of Howard ͓23͔.
Both the classical simulations ͓30͔ and the existing quantum ͓44,45͔ results indicate that to get the average trends necessary to characterize the frequency dependence of the ionization threshold, the application of the 2D model of the atom is justified. We shall therefore restrict ourselves to such a model below.
III. THE QUANTUM APPROACH
Let us consider first the two-dimensional model of hydrogen without any external perturbation. Its Hamiltonian ͑in atomic units͒ is obtained from the standard threedimensional case by suppressing the z dependence:
͑3.1͒
The quantum energies follow the Rydberg formula, E n ϭϪ1/2n * 2 , where the effective principal quantum number, n * ϭnϩ1/2,nϭ0,1,2, . . . , appears rather than n itself. The states may be characterized by two quantum numbers: (n,m), where mϭϪn, . . . ,n is the eigenvalue of the angular momentum operator L z ϭxp y Ϫy p x .
In the presence of the CPM, we might use the length gauge Hamiltonian, Eq. ͑2.3͒; however, it turns out that the velocity gauge is more efficient numerically. Expanding the kinetic energy in Eq. ͑2.1͒ and removing the constant A 2 term, one arrives at the Schrödinger equation of the form
͑3.2͒
The Hamiltonian in Eq. ͑3.2͒ is an oscillatory function of time. Therefore one may use the Floquet theory ͓51͔ frequently applied to ionization problems in both the optical and microwave regimes. We adopt here another approach and, as in Sec. II, we remove the oscillatory time dependence by passing to the rotating frame. Under the unitary transformation Uϭexp(iL z t), Eq. ͑3.2͒ becomes
where ͉͘ϭU͉͘. Since the Hamiltonian is now time independent, we may look for the eigenvalues and eigenvectors of the corresponding time-independent Schrödinger equation. In the following, we pass to the scaled semiparabolic coordinates defined as uϭͱ(rϩx)/⌳, vϭͱ(rϪx)/⌳, already used successfully in the treatment of the hydrogen atom in a static magnetic field ͓1,52͔. These coordinates allow one to remove the Coulomb singularity and facilitate accurate classical simulations of the problem ͓22,27,30͔. The Schrödinger equation takes the form of the generalized eigenvalue problem:
All terms in the equation above have the form of a polynomial in coordinates and momenta. This form suggests the use of the harmonic oscillator basis for an efficient diagonalization of the problem. The scale parameter ⌳ may be chosen at will and is related to the common frequency of oscillators in u and v coordinates. Introducing standard creation and annihilation operators,
allows for a simple calculation of matrix elements in Eq. ͑3.4͒. However, the matrix representation of the L z ϭ(up v Ϫvp u )/2 operator becomes complex. Therefore, it is more convenient to introduce circular creation and annihilation operators for atomic variables that obey the circular symmetry invoked by the field,
Expressed in terms of these operators, L z reads
and is diagonal in the circular oscillator basis, ͉n A ,n B ͘. The meaning of the scale parameter ⌳ is now clear. By choosing ⌳ϭn in the absence of the microwave field, one notices that the state ͉n A ,n B ͘ is an eigenvector of the Hamiltonian corresponding to the energy EϭϪ1/2(nϩ1/2) 2 Ϫm, where mϭ 1 2 (n A Ϫn B ) and nϭ 1 2 (n A ϩn B ) ͓53͔. Therefore, this is the eigenstate of the field-free 2D hydrogen in the rotating frame. The oscillator basis is equivalent to the so-called Sturmian basis in the original Cartesian coordinates with ⌳ being the parameter of the Sturmian basis ͑for the detailed discussion, see ͓52͔͒. The basis set, for arbitrary ⌳, will be denoted as ͕͉n,m͘ ⌳ ͖. It is a discrete basis that includes exactly the coupling to the atomic continuum.
In the chosen basis ͕͉n,m͘ ⌳ ͖ the relation of the eigenvalues E i and eigenvectors ͉ i ͘ϭ͚ n,m a nm ͉n,m͘ ⌳ of Eq. ͑3.4͒
to Floquet eigenstates becomes transparent. In the laboratory frame the i eigenvector becomes
͑3.10͒
Indeed, Eq. ͑3.10͒ shows a periodic time behavior characteristic for a Floquet eigenstate. It may be verified after straightforward algebra ͓38͔ that, starting from the usual Floquet Hamiltonian ͓51͔ corresponding to Eq. ͑3.2͒ and passing to the similar oscillator representation, one obtains the Floquet matrix in the oscillator-Floquet basis ͕͉n,m͘ ⌳ ͉K͖͘ (K enumerates the photon blocks͒, which has a block diagonal structure due to the selection rule, mϩKϭM ϭconst. Eigenvalues of different M ,M Ј blocks differ by the value (M ϪM Ј), as in a typical periodic Floquet structure.
Therefore, the diagonalization of Eq. ͑3.4͒ is equivalent to finding all independent eigenvalues and eigenvectors of the Floquet Hamiltonian. However, the above-mentioned selection rule appears only in the circular polarization and it is a direct manifestation of the well-known ⌬mϭ1 selection rule for the absorption of a circularly polarized radiation. This rule is still valid for our Sturmian basis ͕͉n,m͘ ⌳ ͖ since it has the same angular properties as the usual atomic wave functions.
In the presence of an electromagnetic field, the system supports no bound states but rather resonances, due to the coupling to the continuum. To find these resonances and the corresponding wave functions, we use the well-known complex rotation technique ͓54͔. In short, one rotates the coordinates and momenta according to r ជ →r ជ exp(i), p ជ →p ជ exp(Ϫi). The matrix representing the Hamiltonian in Eq. ͑3.4͒ then becomes complex symmetric and explicitly dependent on the rotation angle . The rotation does not affect energy values of the bound states while rotating structureless continua by the angle 2 in the complex plane. Provided the rotation angle is not too small, the resonances in the continuum become ''exposed'' by the rotation and appear as complex eigenvalues ⑀ i ϭE i Ϫi⌫ i /2. For a sufficiently large basis set, an interval of values exists for which positions of resonances in the complex plane are independent of the rotation angle and the scale parameter ⌳. Consequently, E i is interpreted as the resonance position and ⌫ i as its width ͑the inverse of its lifetime͒. Moreover, the corresponding wave functions are square integrable.
The diagonalization of Eq. ͑3.4͒ yields exact ͑within numerical errors͒ eigenvalues and eigenvectors of the hydrogen atom coupled to the monochromatic electromagnetic field, i.e., the eigenstates of the atom dressed by the field ͑Floquet eigenstates͒ for a given value of the microwave amplitude F. Such a fairly standard approach to treat nonperturbatively the ionization of hydrogen atoms driven by a periodic wave, originates, as far as we could trace, from the work of Chu and Reinhardt ͓55͔, and has been used intensively for both the linearly and circularly polarized radiations ͓56,57͔. However, these studies were mostly related to the ionization from low-lying atomic initial states. In the microwave regime, the same technique was adopted for the LPM by Buchleitner and Delande ͓9-11͔ for both 1D and fully 3D situations ͑effec-tively 2D due to conservation of L z -see the Introduction͒. Our contribution to the method includes its adaptation for the 2D hydrogen atom in the CPM, and also the application of a simple algebra of harmonic oscillators, which allows for an efficient and straightforward matrix evaluation.
IV. IONIZATION PROBABILITY
In the case where the amplitude changes in time, results obtained for various F values correspond to instantaneous dressed states. Clearly, finding the Floquet states does not provide the exact solution of the full time-dependent Schrö-dinger equation for arbitrary microwave pulse F(t). Two possible ways of generating an approximate solution out of the results obtained for diagonalizations of the Floquet matrix are used quite commonly.
First, let us assume that the atom is in a state ͉ 0 ͘ before the microwave radiation is turned on. For sufficiently slowly varying microwave pulse F(t), the atom has enough time to adjust to the changes in field amplitude-this is nothing but the adiabatic approximation. Under this approximation, it is sufficient to follow the single dressed ͑Floquet͒ state, which is a smooth continuation of the initial state ͉ 0 ͘. Such an approach will be referred to as a single Floquet state approximation ͑SFSA͒. The energy of the state and its width change with F(t), providing in this way the information about the nonresonant decay of the atomic population to the continuum. Therefore, the probability of ionization after the microwave pulse of a duration T is given simply by
where ⌫ is the width of the important single Floquet state.
In the presence of quantum resonances ͑between fieldshifted states͒ a real population transfer to other states may occur and the SFSA becomes questionable. Such resonances appear as avoided crossings between energy levels as F(t) changes in time. It is well known from the Landau-Zener theory that even in the presence of avoided crossings, the single-state approximation may work in two extreme cases, either for a very slow adiabatic passage or for a fast diabatic passage. The characteristic time scale is set by the inverse size of the avoided crossing gap ͑minimal distance between levels͒, ϭ1/⌬⑀. If a change in F sufficient to pass the avoided crossing occurs in time ⌬t, then the adiabatic passage is realized for Ӷ⌬t. The diabatic transition occurs in the opposite limiting case, i.e., for very narrow avoided crossings.
It is now apparent that the relative sizes of avoided crossings encountered during changes of F(t) are very important. For classically regular systems, the avoided crossings are generically much smaller in size than the mean level spacing. Thus, in the semiclassical limit, one expects that the SFSA can work for the classically regular regime in the situation where avoided crossings are passed diabatically while, in between subsequent avoided crossings, the single level is adiabatically followed ͑since the size of a typical avoided crossing is much smaller than the mean level spacing͒. Such a mixed adiabatic-diabatic picture has been commonly assumed for the ionization from low-lying states ͓56,57͔. Here we relate it to the character of the classical dynamics in the semiclassical limit appropriate for the microwave ionization from highly excited initial states.
On the other hand, for classically chaotic systems, avoided crossings of arbitrary size appear abundantly in a typical spectrum ͓58͔. Thus, one expects a breakdown of the SFSA when the ionization is classically chaotic. In exceptional cases, for initial states being strongly localized ͑on the classical structures in phase space͒, the SFSA may still work satisfactorily. Its unpleasant feature is, however, that little control over the buildup of the error is possible, except by comparison with the direct time-dependent solution of the Schrödinger equation. Typical microwave pulses used in experiments ͓12-14,59-62͔ have a time duration ranging from a few hundred up to thousands of field cycles. For such long times, a direct integration of the time-dependent Schrödinger equation is not feasible. In most of the experimental setups, the microwave pulse has the ''flattop'' shape ͑with turn-on phase, constant F amplitude dominant phase, and the pulse turn off͒. Hence it is reasonable to model this situation by a rectangular pulse of a constant amplitude F during the pulse duration T ͓9͔. In this rectangular pulse shape approach ͑RPSA͒, a single diagonalization is enough to obtain the ionization probability as
where the sum is over dressed states. The scalar product should be calculated without complex conjugation ͑as appropriate for complex symmetric matrices͒. As discussed in detail by Buchleitner ͓9,11͔, this expression is exact in the limit of long microwave pulses after averaging over the initial phase of the microwave field. The RPSA, Eq. ͑4.2͒, may only partially approximate the real physical processes where the pulse changes smoothly in time. Still one expects this approach to work quite well for a chaotic system when the classical ionization is mainly diffusive. In that case, the actual wave function, e.g., in the ''flattop'' region of the pulse, is a linear combination of many Floquet states; i.e., its span on the dressed eigenbasis is large ͓63͔. Clearly, in such a situation the application of the SFSA is invalid. As discussed in the resonance overlap analysis by Howard ͓23͔ and shown numerically ͓30͔ in the intermediate-and high-frequency regimes we are interested in, the classical ionization has mainly a diffusive chaotic character. Thus, the use of the RPSA seems to be the only possible computational approach in this region.
V. THE IONIZATION THRESHOLD
Experimental results are typically plotted ͓12-14͔ using the scaled variables ͑see Sec. II͒. We shall follow the same convention, adapted to the 2D model: n * rather than n itself is appropriate for scaling. Namely, we use 0 ϭn * field. Results represented in the scaled variables allow for a direct comparison of data obtained for initial states with different principal quantum number. Since the scaling is not preserved quantum mechanically, the experimental and theoretical results for the ionization yield depend on the initial state for the same scaled parameters-this difference should, however, vanish in the classical limit.
The commonly accepted definition of the ionization threshold is the so-called amplitude 10% threshold, F͑10%͒, i.e., the value of the microwave amplitude for which 10% of atoms become ionized. The dependence of the F͑10%͒ threshold on scaled frequency 0 proved to be a useful characteristic ͓12͔. Recently, such curves showing changes of the F͑10%͒ versus 0 have been extensively studied classically for the CPM ionization ͓30͔ for various initial orbits characterized by their eccentricities.
On the other hand, the amplitude threshold F͑10%͒ is unfortunately quite an ambiguous measure in theoretical studies. The ionization yield is not a monotonic function of F as exemplified in Fig. 1 where we present the yield as a function of the microwave amplitude F for rectangular pulses of different durations. The essential point is that for any pulse duration, several F 0 may yield the same ionization probability. As shown in the figure, the local maxima and minima occur for different probability values, so a simple change from 10% to, say, 50% ionization does not help. This feature is not typically observed in the experiment due to variations of the amplitude with respect to the cavity axis as well as other effects that smear out most of the structures. The nonmonotonic ionization probability dependence on F may be linked to the influence of avoided crossings, as discussed in detail in ͓10,63,64͔ and is not an artifact of the approach used ͑a similar nonmonotonic behavior often termed ''stabilization window,'' is found in ionization studies by strong short laser pulses ͓65͔͒.
From the theoretical point of view, it is advantageous to have an unambiguous definition of the threshold. It directly follows from the ionization probability formula, Eq. ͑4.2͒, that the ionization probability is a strictly monotonic function of the pulse duration T ͑the realistic values of the field amplitude are orders of magnitude smaller than those needed for a saturation of bound-free transitions, which may lead to Rabi-like oscillations and a nonmonotonic time dependence͒. We therefore propose and hereafter use mostly the definition of the 10% threshold defined as a pulse duration T͑10%͒ ͑in microwave cycles͒ for which the 10% ionization probability is obtained for given values of the scaled frequency and the microwave amplitude.
The time threshold has additional advantages, both practical and of fundamental interest. The latter, as we shall exemplify below, stems from the fact that the classicalquantum correspondence strongly depends on the pulse duration. This is an aspect of the problem that remained almost unexplored in most of the studies of the microwave ionization ͑see, however, Refs. ͓27,59-62͔͒. In practical terms, the time 10% threshold is advantageous because it is much easier to find than the field 10% threshold. In order to determine the 10% time threshold for a given initial state, frequency, and microwave amplitude, it is sufficient to perform only a single diagonalization. This should be compared with several attempts at different F 0 values required to estimate the amplitude 10% threshold. Since initial principal quantum numbers of the order of 50 or more are used experimentally, the corresponding matrices are quite large ͑see below͒ and a search for the amplitude threshold becomes very CPU time expensive. We present below both the T͑10%͒ as well as traditional F͑10%͒ thresholds; in the latter case the attempt has been made to smooth the nonmonotonic structures by averaging over a range of field values.
An example of the time threshold T͑10%͒ is presented in Fig. 2 , for the same ''testing'' case of the circular state as in Fig. 1 for a rectangular pulse of amplitude F 0 ϭ0.1. Here, we compare also the SFSA to the exact results based on Eq. ͑4.2͒. Large differences ͑sometimes orders of magnitude͒ between predictions of both methods are present for intermediate ( 0 Ͻ3) frequencies where the classical motion is mainly a nonperturbative chaotic diffusion. This exemplifies the fail- ure of SFSA in this domain. Apart from the resonance structures, to be discussed in detail below, longer and longer pulses are needed to obtain the 10% ionization yield as the microwave frequency is increased. This behavior reflects the similar increase of the corresponding classical curve for the fixed pulse duration ͓30͔. At higher frequency, 0 Ͼ3, the agreement between the RPSA and the SFSA is better: this reflects the perturbative character of the ionization in this limit for F 0 ϭ0.1 ͑the overlap of the initial state on the most important Floquet state is larger than 0.92͒ and the quite regular classical dynamics ͓30͔.
At this value of F 0 , pulses shorter than 100 microwave cycles suffice to yield 10% ionization for 0 Ͻ2. On the other hand, for high frequencies, the required pulse duration may well exceed 10 6 cycles. This is an illustration of the fact that, when the atomic response strongly varies with frequency, one should adjust the microwave amplitude to the studied frequency interval so as to remain within a reasonable, experimentally accessible, range of pulse durations. Let us mention that in some experiments ͓59,62͔ the pulse duration may be changed by several orders of magnitude.
VI. RESULTS OF NUMERICAL SIMULATIONS FOR A RECTANGULAR PULSE
The results presented up until now served to illustrate our approach and to test possible approximations. They prove that, in the chaotic regime we are interested in, the RPSA is the only possible and at the same time quite a reasonable approximation for long ''flattop'' microwave pulses. To simulate ionization of Rydberg states of principal quantum number nϷ60 typically met in the experiments ͓12-14,59͔, the results for nϭ24 shown above are not truly convincing. In this section, we present T͑10%͒ thresholds obtained for nϭ48 and 64, and the comparison with the corresponding classical simulations. It is thus probably a good point now to discuss some technical details of the calculations. A more detailed description can be found in an earlier analysis of the LPM ionization by the same approach ͓11͔.
The Sturmian basis ͕͉n,m͘ ⌳ , nϭ0,1, . . . ; m ϭϪn, . . . ,n͖ is complete. However, for practical purposes, we have to limit the size of the basis set. Typically we take the basis vectors up to some n max . In the ideal case ͑and it was the case for the results presented up until now͒ n max should be chosen sufficiently big so that any further increase would not affect the results. The value of the Sturmian parameter ⌳ is chosen typically in such a way that one of the Sturmian functions coincides with the initial state studied.
Real experiments ͓12,13͔ do not measure the absolute ionization yield. Both the stray electric fields present in the experimental setup and the method of detection do not allow one to differentiate between real ionization and excitation of the atom to a very high Rydberg state ͑with, e.g., principal quantum number Nϭ89 or 114 depending on the experiment ͓13͔͒. Thus, to simulate a genuine experimental situation, one should count such a high excitation case as ''ionization.'' Fortunately one may use properties of the Sturmian basis to perform such a selection in a very effective and only slightly nonrigorous way as shown in Ref. ͓11͔ . Up to a given n max , the Sturmian basis faithfully represents only a finite region of the configuration space. Discrete states that extend further, when represented in the ''too small'' basis, act like continuum states. The effect is clearly seen when diagonalizing the complex rotated atomic Hamiltonian in the absence of any perturbation. The relatively low-lying states are well converged and lie ͑as they should͒ on the real axis, the continua are rotated ͑as they should͒ by the angle 2 ͓54͔, but the ionization threshold is shifted to smaller energies. It is easy to show ͑by looking at the Sturmian functions in the coordinate representation ͓11͔͒ that NϷͱ⌳n max is the effective principal quantum number at which the shifted threshold appears. Therefore, limiting the n max value, one may very efficiently realize a high-N cutoff and at the same time limit the size of diagonalized matrices.
For the atom in a given initial state ͉n 0 ,m 0 ͘, it is elementary to find out how many photons are required for the ionization in the perturbative picture. Since we are beyond the perturbative limit, it is necessary to include all basis states that may be reached by a few photons more than the minimal required number. Due to the ⌬mϭϮ1 selection rule, it is sufficient to form the matrix among the basis states accessible from the initial angular momentum m 0 value by, say, up to K photons, i.e., to restrict the basis states to the interval m 0 ϮK. Still the size of resulting matrices may well be up to 25 000. By changing the rotation angle and the number of photons K, we were able to verify the convergence of our results.
In order to evaluate the ionization probability, Eq. ͑4.2͒, the eigenvalues and eigenvectors that have non-negligible overlap with the initial state are needed. We used the Lanczos diagonalization method adapted for complex symmetric matrices ͓66͔, which allows one to obtain a subset of eigenvalues and eigenvectors around a given value of the energy. We started the process around the field-free energy and continued the Lanczos scheme until the eigenvectors found exhausted the norm of the initial state up to 0.995. Typically a small percentage of all eigenvectors was sufficient to satisfy this criterion.
Finally let us describe briefly the classical calculations performed in ͓30͔, but with two modifications. First, we have included in the calculations the ''effective threshold'' criterion for the ionization to enable comparison with quantum data. Thus we counted as ''ionized'' any trajectory with final ͑unscaled͒ energy greater than Ϫ1/2N
2 . Second, we have determined classically T͑10%͒ instead of F͑10%͒ thresholds. The classical results were obtained for a rectangular pulse and for the 2D model of the atom.
As the problem studied is two dimensional, the quantum dynamics is strongly dependent on the geometrical properties of the initial atomic state ͑in agreement with classical mechanics, similarly sensitive ͓30͔͒. We cannot discuss all the possible initial states for obvious reasons and we have to restrict ourselves to some illustrative examples. Hence to introduce some systematics into the presentation, first we show results for the elongated states ͑small m 0 ) using as an example m 0 ϭ0. Then we consider states of ''average'' ellipticity (m 0 ϭn 0 /2), and finally the circular states (m 0 ϭn 0 ).
A. Elongated states
Let us consider first the minimal angular momentum states, m 0 ϭ0. Such states are extremely important for the LPM ionization, where they are most vulnerable to perturbation and among states of different angular momenta, they ionize at lowest amplitudes of the microwave pulse ͓9-11͔. For such states, a simplified 1D model can be used in which the motion of the electron is restricted to the field axis. The behavior of this model has been studied in great detail for the LPM ionization ͓5-7͔. In particular, a lot of attention has been paid to the differences between classical predictions and quantum results; these differences are commonly interpreted as a manifestation of the quantum localization phenomenon, being the quantum chaos analog of the Anderson localization in disordered solids. It is interesting to see whether similar differences are present also for the CPM ionization case. Figure 3 shows the time T͑10%͒ thresholds found for moderate frequencies for different values of the microwave amplitude F 0 in comparison with the corresponding classical simulations. For low frequencies, quantum results decrease with frequency ͑as seen for the smallest amplitude data͒-this is a signature of the small frequency behavior studied earlier ͓24,32͔ where the motion becomes regular ͑see discussion in ͓32͔͒.
For a given scaled field value, the results are presented in the interval of 0 where quantum 10% ionization occurs for times between 10 and say 10 8 field cycles. The upper limit is sufficiently high to make experimental verification of our calculations plausible. On the other hand, the resonance widths corresponding to such long interaction times are quite small. They are in fact on the border of the numerical accuracy in the double precision arithmetics. The lines crossing the upper border of the figure indicate the frequency regime in which we could not, for that reason, determine the widths accurately. Since the corresponding T͑10%͒ are outside the experimental range, they are not of major interest: in such a regime, the atom will be observed as stable against the ionization.
With increasing F 0 , the curves typically shift to higher frequencies, indicating that the ionization yield decreases with 0 for fixed values of the microwave pulse amplitude and its duration. By comparison, the corresponding classical time thresholds ͑shown as dotted lines͒ are almost insensitive to the frequency change in the presented frequency interval shown. In effect, the agreement between the classical and quantum predictions is strongly dependent on the frequency but also, importantly, on the time needed for reaching the threshold. The classical and quantum thresholds agree quite well, especially for low frequencies ( 0 Ͻ1), when 10% ionization is reached in less than 100 microwave cycles. At higher frequencies, classical and quantum results differ by orders of magnitude in values of T͑10%͒.
These results may be confronted with the prediction of the localization theory as based on the so-called Kepler map ͓6͔. The applicability of the Kepler map for the 2D CPM ionization case is limited to the regime
͑6.1͒
where m ϭm 0 /n 0 is the scaled angular momentum taking values between Ϫ1 and 1 ͓6͔. Clearly, the second condition may be important for elliptical states discussed later. For the present case of m 0 ϭ0 only the frequency condition is relevant. If the photonic localization takes place, then the maximal excitation, up to exponential corrections, is given by the localization length ͑in number of photons͒ ͓6͔, ͓see Eq. ͑63͒ and Eq. ͑71͒ of ͓6͔ with appropriate identification of symbols; in particular notice the difference of the factor ͱ2 in Eq. ͑6.3͒ due to the similar difference in the definition of the microwave amplitude͔. Now let us assume that F 0 is sufficiently small to limit the excitation to the region below the effective ionization threshold. Hence, due to the photonic localization, the corresponding T͑10%͒ is almost infinite: for such small fields, 10% ionization is never reached. The increase of F 0 will lead to the decrease of T͑10%͒ through all orders of magnitude, and finally the other extreme limit ͑the fast ionization limit͒ is reached where a significant ionization occurs faster than the time necessary for the localization to build up. This variation of T͑10%͒ is thus a sensitive test of the relevance of the localization theory. Curves representing time thresholds over all possible time scales are plotted in Fig. 3 . As before, the sharp growth of T͑10%͒ with frequency and its shift towards higher frequencies with increasing F 0 is in a qualitative agreement with the photonic localization theory ͓6͔ and the corresponding decrease of the localization length, Eq. ͑6.2͒. It is worth noting that, for the FIG. 3 . Length of the rectangular pulse ͑in microwave cycles͒ leading to 10% ionization, i.e., the T͑10%͒ threshold ͑according to the definition adopted in the text͒ vs the scaled frequency 0 for the initial elongated state n 0 ϭ48, m 0 ϭ0 illuminated by a circularly polarized microwave, for different scaled amplitudes F 0 . Filled symbols connected by solid lines ͑to guide the eye͒ represent the quantum results for the ''effective ionization threshold,'' Nϭ120. Open symbols connected by dashed lines give results of classical simulations corresponding to the same effective threshold. Triangles, circles, and diamonds correspond, respectively, to F 0 ϭ0.025,0.03,0.04. smallest amplitude F 0 ϭ0.025 presented in Fig. 3 , the increase in T͑10%͒ due to ''localization'' occurs already for values of 0 slightly smaller than unity.
In a typical laboratory measurement or numerical experiment, the variations of the F͑10%͒ threshold are quite small; they change at most by a factor of 2. On the contrary, the T͑10%͒ threshold can cover easily a range of several orders of magnitude. This general phenomenon was demonstrated in the LPM ͓10͔, but is also observed in our calculations in the CPM. This is simply due to the difference in properties of the measure chosen to define the threshold. Note that the ionization yield is determined by a sum of weighted factors exp͕Ϫ⌫ i (F)T͖ ͓in Eq. ͑4.2͔͒, where widths ⌫ i are strongly nonlinear functions of F. A small increase of the microwave amplitude may strongly increase the widths; therefore a necessary decrease of the interaction time so as to keep their product constant may be large. Also, since several terms contribute to the sum in Eq. ͑4.2͒, the ionization as a function of time does not follow the exponential rule for the decay out of the initial state; in the classically chaotic regime the decay takes rather an algebraic, much slower character ͓62͔. The sensitivity of the T(10%) to changes of F 0 suggests it to be a more informative measure of the ionization than the amplitude threshold.
For the sake of further tests of the localization theory predictions, we present the data for stronger fields and higher frequencies in Fig. 4 . Again a similar behavior, i.e., the reasonable classical-quantum predictions agreement at lower frequencies with strong disagreement for higher frequencies, is found. Similar results are observed for the higher microwave amplitude F 0 ϭ0.1 ͑not shown͒. Figure 4 illustrates results for an initial elongated state, n 0 ϭ64, m 0 ϭ0. For an appropriate comparison with the classical simulation, we adjusted n max in such a way that the quantum results for both n 0 ϭ48 and 64 correspond to the same classical cutoff limit. This is fulfilled when Nϭ120 ͑160͒ for n 0 ϭ48 ͑64͒, corresponding to n max ϭ300 ͑400͒.
Note that typically points of T͑10%͒ for n 0 ϭ64 are closer to the classical results than those obtained for n 0 ϭ48. This is expected on semiclassical grounds and is in agreement with the photonic localization theory, which predicts the decrease of the quantum threshold proportional to n 0 Ϫ1/2 ͓67͔. In addition, Fig. 4 shows also data obtained for n 0 ϭ48 and larger n max ϭ480, corresponding to an effective ionization cutoff NϷ151. While overall results depend weakly on the cutoff value, for some frequencies discrepancies arise. They typically occur when the shift of the cutoff leads to a change in the number of photons needed for the ionization.
A sensitive verification of the photonic localization theory requires a comparison of the quantitative predictions of the theory with our numerical results. This is difficult because the photonic localization theory may be used for estimation of the threshold only if the effective threshold is not too high and no significant real ionization occurs ͑see remarks in the Appendix of ͓67͔͒. As formulated in ͓6͔, the photonic localization theory gives estimates for F͑10%͒ threshold. In order to test it on a real system, we will focus now on the F͑10%͒ ionization threshold.
The prediction is ͓6,67͔
͑6.4͒
Recall that N is the principal quantum number corresponding to the effective ionization threshold. For elongated states studied in this subsection, m ϭm 0 /n 0 is equal to 0 and H is just equal to 1. Hence, we are left with three parameters: n 0 , F 0 , and 0 . First, we fix n 0 ϭ48 and study the ted line, equal to half the theoretical prediction, is in good overall agreement with the numerical results. Similar results are obtained for a different initial state n 0 ϭ64, as is also shown in Fig. 5 .
In the second test, 0 is fixed and the F͑10%͒ threshold versus n 0 is plotted. For this purpose, we take 0 ϭ2.1 and change the size of the basis so that the ratio n 0 /N is kept fixed. The result is shown in Fig. 6 . Again, the general trend is well predicted by the photonic localization theory ͑solid line͒, but the exact value is significantly different. The dotted line is half of the theoretical prediction, and as before it is in good agreement with our data. Quite similar behavior, with the same factor 0.5, is recorded at frequency 0 ϭ2.8, as is also shown in Fig. 6 .
In the third and final test, we fix both 0 and n 0 and change only the effective cutoff, N ͓compare Eq. ͑6.4͔͒. The results obtained for F͑10%͒ are summarized in Fig. 7 . As in the previous figures the prediction of the localization theory significantly overestimates the threshold for large-N values; the factor 0.5 improves the agreement considerably. Close inspection of Figs. 5 and 6 reveals, however, that the values of 0 and n 0 chosen to coincide with other figures are not the best. At 0 ϭ2.1 and n 0 ϭ48, F͑10%͒ curves in both figures have local maxima, so the factor 0.5 may not work very well. Therefore, we have also attempted to fit the proportionality factor in the N→ϱ limit. The result, represented as a dot-dashed line, agrees with the numerical data quite well.
Note that while both Fig. 5 and Fig. 6 show quite large fluctuations about the average behavior, these fluctuations are practically absent in Fig. 7 . This shows that the origin of fluctuations is not due to the size of the effective cutoff. What is more, the fluctuations are present in the F͑10%͒ dependence on n 0 ͑i.e., on the effective ប), while all classical parameters are kept constant. Thus the fluctuations as a function of n 0 are of a quantum origin. We believe that they are due to quantum interferences between different ionizing paths leading to the continuum and the effect is, to some extent, statistical. Semiclassically the change of ប is equivalent to a different level of coarse graining of the phase space, thus these fluctuations may also reflect transport properties from the initial state to the continuum on a changing with n 0 resolution level. Certainly, observed fluctuations deserve a more detailed study, which is, however, beyond the scope of the present paper. Let us mention here only that similar fluctuations are observed ͓45͔ for the individual widths of the well-localized so-called wave-packet states ͑mentioned already in Sec. II͒ both for the linear and the circular polarizations.
In conclusion, the photonic localization theory is in good qualitative agreement with our numerical results for elongated states. Further work is needed to understand the factor of 2 discrepancy. The numerical value of this factor will be dependent on the pulse duration ͑note that we use pulses of 500 microwave periods͒ and it will increase for longer interaction times. Since photonic localization theory is valid, strictly speaking, for infinite interaction times, the appropriate correction factor may be larger. Also, in Eq. ͑6.3͒, the factor H is estimated using the m 0 value of the initial state. However, during the excitation process, the atom absorbs a few circularly polarized photons and the value of m 0 increases. Using a corrected value for m 0 in Eq. ͑6.3͒ decreases the prediction of the photonic localization theory by approximately 20% and consequently reduces the observed discrepancy.
Even with this correction, our numerical results cannot be claimed to be consistent quantitatively with the photonic localization theory. The difference factor of 1.8-2 is quite huge and comparable in size to the total difference between the classical simulations and experimental data for LPM in the corresponding frequency regime. There, the localization theory seems to reproduce experimental data in their average trend to much higher accuracy ͑of the order of 10%͒. Thus this quantitative failure of the theory for elongated states in FIG. 6 . F͑10%͒ threshold for the elongated state n 0 , m 0 ϭ0 as a function of the principal quantum number n 0 ͑interaction time 500 field cycles͒. Filled circles ͑triangles͒ represent the data for scaled frequency 0 ϭ2.1 ( 0 ϭ2.8). The predictions of the photonic localization theory ͓6͔ are shown by solid ͑dashed͒ lines while the dotted ͑dot-dashed͒ lines give half of the theoretical prediction. The localization theory predicts the correct functional dependence; note that the ''correction factor'' is the same for both frequencies.
FIG. 7. The dependence of the F͑10%͒ threshold on the effective ionization threshold N for n 0 ϭ48 at 0 ϭ2.1 ͑filled circles͒. The prediction of the photonic localization theory ͓67͔ is shown by a solid line; the dashed line gives half of this value. The dot-dashed line is a result of a fit of the constant factor in the localization theory prediction to numerical value for large N and in an excellent way describes the variation of the F͑10%͒ threshold for the whole interval of N values shown.
CPM microwaves is quite surprising bearing in mind that Howard classical resonance analysis ͓23͔ suggests a close similarity between atomic response to LPM and CPM for elongated states. Again, the failure of this picture may be due to the fact that in CPM, the electron picks up some angular momentum every time a photon is absorbed. This effect is not taken into account in the resonance overlap analysis. As we shall see below in quantum calculations and as already noted in classical simulations ͓30͔, states ͑orbits͒ of medium eccentricity have the lowest ionization threshold. Thus absorption of photons in CPM, decreasing the eccentricity of initially elongated states, speeds up the classical diffusion. This effect is taken into account only partially by the photonic localization theory.
B. Angular momentum dependence of the threshold
In most of the experiments ͓12-14͔, while the initial principal quantum number n 0 is well defined, the atoms are not preselected with respect to the initial angular momentum quantum numbers. This implies that the threshold is dominated by the states ionizing in the smallest microwave field. In the case of the LPM ionization, these are the elongated states. Do these states ionize first also in the CPM ionization? In view of quite opposite pictures emerging from classical calculations ͓23,30͔ it is quite interesting to address this issue quantum mechanically.
The quantum results are presented in Fig. 8 , which shows, for a fixed value of F 0 and 0 , the thresholds obtained for all m 0 states in the n 0 ϭ48 manifold. Notice a broad minimum around m 0 Ϸn 0 /2, indicating that indeed elliptical states with moderate m 0 values are most important for the threshold determination in agreement with classical simulations ͓30͔. While the state-to-state inspection of the data reveals a sensitivity of the ionization efficiency on the choice of F 0 and 0 values used for the comparison ͑this is due to the presence of structures in the threshold as a function of 0 and the abundance of local maxima in the ionization yield as a function of F 0 -compare with Fig. 1͒ , a common overall behavior is observed in a broad range of both F 0 and 0 . Such behavior is not unexpected: the classical 1:1 resonance analysis ͓17,23͔ shows that the size of the classical resonance island increases when the eccentricity decreases, indicating that the CPM acts more efficiently when the electron follows a trajectory close to a circle-not a surprising result. However, the same analysis shows that higher-order resonances are less pronounced for low eccentricity. In other words, for states with low eccentricity, the first resonant photons are more easily absorbed, but the following ones are less efficient. It is this balance between the efficiency of the atom-photon interaction ͑which favors low eccentricity͒ and nonlinearity ͑which favors high eccentricity͒ which is responsible for the observed phenomenon.
The increase of the ionization efficiency with m 0 for a fixed microwave amplitude and frequency is also predicted by the photonic localization theory ͓6͔. For 0 Ϸ2, the angular momentum condition for the applicability of the theory is satisfied for almost all m values, up to m close to 1 ͑corre-sponding to circular states͒. The localization length, Eq. ͑6.2͒, is determined by the product of HF 0 , where H increases monotonically with m ͓compare with Eq. ͑6.3͔͒. Thus, for fixed F 0 and 0 , the localization length increases with m . A quantitative test is presented in Fig. 9 . The solid line is the prediction of the photonic localization theory, which is greatly different from the numerical data. However, the qualitative trend is well verified ͑for negative and positive m ). Correction by a factor 0.5, as before, yields ͑dashed line͒ a reasonable agreement with the data. A comparison with Fig. 5 shows that at 0 ϭ2.1 the fluctuations in the quantum numerical data are not ''favorable'' and the factor 0.5 does not work too well. Therefore, we have fitted the correction factor so that the numerical value and the modified prediction of the localization theory ͓6͔ exactly coincide at m ϭ0. Such a modification yields a dot-dashed line in excellent agreement with numerical data for ͉m ͉Ͻ0.2. 9 . The dependence of the F͑10%͒ threshold for ionization on the initial angular momentum m 0 for the n 0 ϭ48 manifold at 0 ϭ2.1. The prediction of the photonic localization theory ͓6͔ is shown by the solid line; the dashed line gives half this value. The dot-dashed line is a result of a fit of the constant factor in the localization theory prediction to the numerical value at m 0 ϭ0 and in an excellent way describes variation of the F͑10%͒ threshold for ͉m 0 ͉Ͻ10 ͑corresponding to scaled angular momentum ͉m ͉Ͻ0.2).
Two important factors are to be noticed. First, the fluctuations are much smaller than in Figs. 5 and 6. This lack of fluctuations may be explained by correlations between F͑10%͒ values for close m 0 quantum numbers. The origin of this correlation is mainly classical-the angular momentum in the CPM ionization problem is not conserved and the classical phase space is ''shared'' by different initial m 0 values. The situation is completely different in this respect from a more familiar interaction with the LPM, which conserves m. While paths leading to ionization of various m 0 states are different, which is reflected by the change of F͑10%͒ with m 0 , some correlations between ionization yields for little differing values of m 0 are to be expected. In fact we have verified, by calculating the n 0 dependence of F͑10%͒ for m 0 ϭ2 ͑not shown͒, that the structures observed in Fig. 6 are exactly reproduced for m 0 ϭ2, the only difference being the lower average behavior that is consistent with Fig. 9 .
Second, the localization theory clearly breaks down around m ϭ0.5, whereas the prediction Eq. ͑6.1͒ is supposed to be valid everywhere. Obviously, the conditions in Eq. ͑6.1͒ are not sufficiently restrictive. As a matter of fact, the Kepler map relies on the approximation that most of the energy exchange takes place in the vicinity of the perihelion. For states with not small angular momentum, this cannot be true. Hence, the applicability of the Kepler map is at best restricted to small angular momentum m Ӷ1 and high frequency.
Our quantum results are in this respect in good agreement with a classical study of Nauenberg ͓21͔ who, as mentioned in the Introduction, constructed a better, canonical map after noting difficulties with the original Kepler map of Ref. ͓6͔. It would be most interesting, therefore, to compare quantum results with predictions of the photonic localization theory based on the canonical Kepler map of Nauenberg instead of the standard Kepler map of ͓6͔. For a high eccentricity, a small microwave amplitude and a high frequency, the Nauenberg Kepler map is close to the standard Kepler map and no significant difference is likely to take place. On the contrary, at medium and low eccentricities the two maps are significantly different. The breakdown of the photonic localization theory around m ϭ0.5 may be due to either a breakdown of the classical standard Kepler map or a failure of the localization picture itself. This interesting alternative is left for the future studies since a generalization of the theory of ͓6͔ for a map of a different functional form is unfortunately not straightforward. The results presented indicate that some effort should be taken in this direction.
C. Elliptical states
Since states with m 0 Ϸn 0 /2 are ''the first to ionize'' among different angular momentum states, it is worthwhile to investigate their properties in more detail. As an example, we have chosen the states n 0 ϭ48, m 0 ϭ24 and n 0 ϭ64, m 0 ϭ32. Recall that, according to the convention adopted here, positive 0 correspond to positive m 0 states in rightpolarized microwaves ͑or Ϫm 0 states in left-polarized microwaves͒. Figure 10 presents the moderate-frequency behavior for the n 0 ϭ48, m 0 ϭ24 state. As for the elongated states, one observes the decrease of the threshold with scaled frequency for low frequencies ( 0 Ϸ0.6). For higher frequencies, T͑10%͒ is again an increasing ͑on average͒ function of 0 . Note that the microwave amplitudes F 0 leading to comparable T͑10%͒ for a given scaled frequency are smaller for elliptical states than those used in Fig. 3 . This confirms the fact that elliptical states ionize much faster than elongated states in a broad frequency range. A comparison with the corresponding classical simulation reveals again that for effectively weaker pulses, corresponding to longer T͑10%͒, the quantum ionization proceeds much slower than its classical counterpart. On the other hand, one may notice, again by comparison between Fig. 3 and Fig. 10 , that the classical-quantum disagreement is less pronounced and less sharp for elliptical states than for the elongated states. This is confirmed further in the higher-frequency interval-compare Fig. 4 and Fig. 11 .
The thresholds obtained for these elliptical states are very comparable ͑within 10%͒ to the ones obtained numerically for elongated states in LPM ͓9,11͔ at similar frequency and interaction time. They are also in good agreement with the recent experimental results ͓39͔ obtained using a statistical ''microcanonical'' mixture of initial states. Our calculations show that the experimentally measured threshold is due to intermediate m 0 states. They also suggest that a significantly higher threshold should be observed using either a pure elongated or circular initial state.
A still higher frequency range is represented in Fig. 12 . Note that the overall behavior of the threshold is quite similar to that observed for lower frequencies ͑and lower field͒ in Fig. 11 . Namely, there is an apparent agreement between classical and quantum predictions for frequencies at which a given amplitude F 0 yields the ionization quite fast on time scales of the order of few tens of the microwave period. For higher frequencies, the discrepancy between classical and quantum predictions appears. This behavior, as before, is qualitatively but not quantitatively ͑using a similar analysis as for the elongated states͒ consistent with the photonic localization theory ͓6͔.
Finally, Fig. 13 completes the study of elliptical states showing the ionization under the opposite polarization. The comparison of the amplitudes F 0 needed to produce similar T͑10%͒ for right-hand and left-hand polarization in a similar absolute frequency range shows the asymmetry between the two possible polarizations. This asymmetry is of a classical origin-a phenomenon like this has been observed in the diffusive regime in the classical studies ͓30͔. Note the strong increase of T͑10%͒ for lower frequencies-we are approaching the limit of low frequencies with a relatively high threshold for the left-hand CPM ͓24,26,32͔.
It follows naturally that, as discussed on classical grounds in ͓30͔, close encounters with the nucleus ͑which are the main classical mechanism for the ionization in the LPM͒ play a small role for the CPM. The right-polarized microwave acting on the positive m 0 states only supplies the electron with additional angular momentum ͑due to the ⌬mϭϩ1 selection rule͒. Therefore, the electron feels a centrifugal barrier and never comes close to the nucleus. For the opposite polarization of microwaves, when the angular momentum may diminish, the ionization is much less effective, which is definite proof that collisions with the nucleus are not important. No singularity of any type is observed in Fig.  8 near m 0 ϭ0, which again proves that encounters with the nucleus are not relevant for the ionization in the CPM.
D. Circular states
Finally, let us present results for circular states. As we have seen on the example presented in Fig. 8 , these states may ionize at much higher microwave amplitudes than elliptical or elongated states. Thus the results presented below are of no relevance for the ionization threshold of atoms not preselected with respect to the angular momentum. However, efficient methods have been proposed ͓68͔ and confirmed experimentally ͓69͔ for preparing atoms in initial circular states. One may therefore envision a CPM ionization experiment in which atoms in circular states are prepared before entering the microwave cavity. Figure 14 shows T͑10%͒ thresholds obtained for different values of F 0 for circular states n 0 ϭ48, m 0 ϭ48 for moderate positive scaled frequencies. With increasing F 0 , the curves shift to higher frequencies, indicating that the ionization yield decreases ͑in this frequency range͒ with 0 . This agrees with the classical amplitude threshold F͑10%͒ behavior, which, for circular states, increases also with frequency ͓30͔. The dashed lines indicate classical time thresholds and show that the agreement between the classical and quantum predictions is strongly dependent on the time needed for reaching the threshold. For a strong field ͑at a given frequency͒, when 10% ionization is reached within up to approximately twenty cycles, the classical and quantum thresholds agree quite well. However, the quantum threshold rises much more sharply with the frequency and when the classical diffusion is slow ͑classical threshold of the order of a thousand cycles͒, the quantum threshold may exceed the classical value by several orders of magnitude.
The effect looks similar for different frequencies, but occurs simply at different microwave amplitudes. There is no quantitative difference between frequencies less and bigger than 0 ϭ1-''a starting point'' for quantum localization in the LPM studies ͓6,12͔. One should, however, keep in mind that we are considering a situation that is outside the region of applicability of the photonic localization theory ͓see Eq. ͑6.1͒ above͔. The observed behavior therefore may be quite different.
Looking along the vertical axis on the plot, it is clear that, for a given frequency, the changes of F 0 will determine whether the agreement between classical and quantum results occurs. For relatively small fields, there will be differences whereas for strong fields-leading to fast diffusion-we will find agreement between classical and quantum results. The region of slow classical diffusion is infested with remnants of regularities observed at still smaller microwave amplitudes ͑they create the obstacles slowing the diffusion͒. The classical transport in this case goes through several bottlenecks as studied in ͓70͔. Thus a different mechanism leading also to quantum slowdown of the ionization process suggests itself. It has been proposed ͓71,72͔ that the finiteness of ប leading to the ''coarse graining'' of the phase space will ''fill'' the gaps in broken tori and effectively slow down the quantum excitation leading to the discrepancies between classical and quantum mechanical results ͑or experimental results͒ observed in the LPM experiments ͓71͔. Due to the structure of the classical phase space, this explanation of the origin of classical-quantum differences seems to be quite appropriate for the case of the CPM ionization of circular states.
Similar behavior occurs at larger scaled frequencies as shown in Fig. 15 for F 0 ϭ0.07 and in Fig. 16 for F 0 ϭ0.1. Both these figures show results for a larger initial principal quantum number n 0 ϭ64. The comparison with corresponding plots for elongated and in particular elliptical states reveals that the classical-quantum differences are more pronounced for circular states. This phenomenon may be understood qualitatively in terms of the dimensional argument. Extreme angular momentum states, ͉n 0 ,m 0 ϭn 0 ͘, in right-hand polarized microwaves couple dominantly to nЈ,mЈ states with large mЈ ͑remember the ⌬mϭϩ1 selection rule for absorption͒. Hence the problem becomes effectively one dimensional. The situation is quite different if m 0 Ӷn 0 since many more atomic states become coupled together, and we have a truly two-dimensional picture. The higher density of states for the elliptical initial state ͑not of all the atomic states, but of those important ones actively involved in the ionization process͒ means that the effective ប becomes smaller. That means that the semiclassical limit is realized faster for the elliptical initial states and the quantum effect of gluing the holes in the regular phase space structures is smaller for these states.
As discussed above, on the average T͑10%͒ increases quite sharply with 0 for a given F 0 in a whole interval corresponding to classically diffusive motion ͑i.e., up to 0 Ϸ3Ϫ3.5, beyond which the classical ionization thresholds increases sharply͒. To compare ionization at different frequencies on the same time scale, we have checked that in the whole ''chaotic'' frequency region, the ionization process is quite similar statistically. For this purpose we used the width function W( 0 ) defined as ͓63͔
closely related to the entropy and being a measure of the span of the initial state over the Floquet eigenstates. For the same purpose one may simply count the number of Floquet states ͑ordered in the descending order with respect to their overlap on the initial state͒ needed to exhaust the norm of ͉ 0 ͘ up to say 99%. For similar values of the ionization probability and for a given pulse length ͑500 microwave cycles͒, the width function has similar values in the whole range of frequencies between 0 ϭ0.6 and 2.6 and is a strongly increasing function of the ionization probability value chosen for comparison. In particular, WϷe 3 for a 20% ionization during 500 microwave cycles corresponding to about 80 Floquet states needed to exhaust the norm of the initial state. For 1% ionization, we obtain WϷe 1.5 with roughly 15 important Floquet states ͑note that the W function, while being roughly proportional to the number of important Floquet states in the expansion of the initial state, underestimates this number quite strongly͒. These numbers start to decrease significantly only for high frequencies when we come close to the classically forbidden region.
Finally, let us discuss the case of oppositely polarized microwaves presented in Fig. 17 as a function of ''negative'' frequency. One observes a very fast increase of the threshold time with absolute frequency value, even sharper than that demonstrated in Fig. 14 . However, the microwave amplitudes used are roughly one order of magnitude higher than the corresponding values needed for right-polarized microwaves in the same frequency interval. This reflects the strong asymmetry between right-hand and left-hand polarized microwaves. Comparing the values of the field necessary to obtain reasonable T͑10%͒ ͑see also Fig. 13͒ , one notices that the asymmetry is much more pronounced for circular than for elliptical states ͑as expected since there should be no asymmetry of this kind for elongated states͒. Let us repeat that the effect ͑occurring at high frequencies, in contrast to the asymmetry of another origin at low frequencies ͓24,26,32͔͒ is of a purely classical origin and has been discussed in detail in ͓30͔. Also note the very good agreement between the classical and quantum predictions for 0 Ͻ1.
One should remember, however, that the quantitative predictions for the asymmetry may be dimension dependent and may be much smaller for a real 3D atom. It is precisely for circular orbits and negative frequencies where Nauenberg ͓21͔ observed the 3D atom to be less stable. Similar behavior was seen in classical simulations ͓30͔. Still the asymmetry persists in the classical calculations also in the 3D model ͓30͔ and it should manifest itself quantum mechanically.
VII. CLASSICALLY SCALING STRUCTURES
While the classical time thresholds are quite smooth, the quantum results reveal several frequency-dependent structures. Some of them may be associated with incidental intermediate quantum resonances or the threshold effects ͑with increasing frequency fewer and fewer photons are required for ionization͒. These structures would not, however, scale classically. Therefore, they would occur at different values of the scaled frequency 0 .
The comparison of the thresholds obtained for different n 0 reveals on the other hand a number of classically scaling structures, i.e., resonant features centered on the scaled frequency 0 . Arguably the most prominent example appears for the circular states; note the structure present at frequency 0 ϭ2.8 in Fig. 16 . This local inhibition of ionization ͓mani-fested by the corresponding increase of T͑10%͔͒ persists also for different ''effective ionization thresholds''-compare results for n 0 ϭ48 and Nϭ151. Interestingly, even classical simulations show a slight slowdown of the ionization time in the vicinity of that frequency, confirming the classical nature of the resonance ͑although the effect is much weaker classically͒. For lower microwave amplitudes ͑compare Fig. 15͒ in the vicinity of 0 ϭ2.8, the ionization is practically totally suppressed for both n 0 ϭ48 and 64. Figure 15 yields another example. Note the locally increased T͑10%͒ at 0 ϭ2.1 appearing for F 0 ϭ0.025 for both n 0 ϭ48 and 64 circular states. The presence of such structures is dependent on F 0 -it disappears for higher amplitude F 0 ϭ0.04 when T͑10%͒ is much smaller. Such behavior is consistent with the proposed classical origin of the structure-for stronger microwave amplitude the remnants of regularity in the classical phase space become weaker and less significant.
Similarly, classically scaling structures appear for elliptical states as exemplified in Fig. 11 and Fig. 12 or for elongated states ͑compare Fig. 4͒ . In the latter case, however, a slight shift in 0 of the resonance position with n 0 may be observed. As before, we believe that the observed structures are of classical origin and are related to structures in the phase space, or more precisely, they correspond to localization of the Floquet states ͓contributing to the expansion in Eq. ͑4.2͒ in the dominant way͔ on the classical phase-space structures. The detailed study of the localization properties of Floquet states is beyond the scope of this paper and will be studied in ͓73͔.
VIII. SUMMARY AND CONCLUSIONS
We have presented extensive results for the ionization threshold dependence of the two-dimensional hydrogen atom illuminated by circularly polarized microwaves at realistic initial principal quantum numbers n 0 Ϸ50Ϫ60 and for different initial angular momenta m 0 . The results have been compared, whenever it was possible ͓i.e., for parameters within limits given by Eq. ͑6.1͔͒, with the predictions of the photonic localization theory ͓6,67͔. For elongated, high eccentricity states, quite nice qualitative agreement of our numerical results with that theory has been observed. However, theoretical predictions for the F͑10%͒ threshold are systematically 2 times larger than the numerical results. In our opinion, a revision of the localization theory is needed. The localization theory seems to work quantitatively well for LPM ͓6,67͔. The discrepancy observed for CPM indicates that the apparent similarity of atomic response to LPM and CPM for elongated states ͓23͔ may be valid in the perturbative regime only ͑i.e., only locally when the excitation of the atom is quite small͒.
It is worth stressing that the presented comparison with the photonic localization theory is the most complete to date. The dependence of the F͑10%͒ prediction, Eq.͑6.4͒, on all the parameters of the problem ( 0 , n 0 , N) has been tested, confirming the functional form of Eq. ͑6.4͒ up to a constant discussed above.
The comparison of the ionization threshold dependence on the angular momentum with the predictions of the theory based on the Kepler map has shown significant differences, which, in our opinion, suggest that the regime of validity of the Kepler map approach and the photonic localization theory is more limited in the parameter space then anticipated originally ͓6͔. This is in agreement with the classical discussion presented by Nauenberg ͓21͔. His improved canonical Kepler map cannot be easily incorporated into the photonic localization theory to obtain the corrected quantum predictions. Such a development of the theory is therefore badly needed.
We have shown also, by a detailed study of classicalquantum correspondence for circular states ͑for which the photonic localization theory cannot be applied͒, the presence of strong localizationlike behavior in that case. We argue that the localization observed can be qualitatively explained by a quantum enhanced slowdown of the diffusion by remnants of regularities-the picture originally developed for the LPM ionization ͓71,72͔. This is in agreement with the fact that the presence of classical-quantum differences is strongly dependent on the time scale on which the ionization occurs and only weakly on the frequency of the CPM. Note that such a picture can coexist with the photonic localization point of view. Further work is needed to clarify these points. The asymmetry between thresholds observed for the lefthand polarized and right-hand polarized radiation and the fact that states of medium eccentricity are easiest to ionize confirm that the collisions with nucleus play a minor role in the CPM ionization of elliptical and circular states. This suggests that experimental verification of the results presented, for states of low eccentricity, may be carried out on an alkali rather than a hydrogen atom. Our viewpoint here is opposite to that expressed by Howard ͓23͔. The existing experiments for rubidium in LPM ͓59-61͔ allow for both state selective preparation of the initial state and changes of the interaction time over several orders of magnitude. The only necessary modification is therefore the change of the microwave polarization.
The explanation of classical-quantum discrepancies as resulting from a quantum suppression of classical diffusion due to a partial localization on remnants of classical regularities is further confirmed by several observed classically scaling structures. We leave to a subsequent study a detailed analysis of these structures as well as the discussion of localization properties of important Floquet states in such cases.
